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Parity–violating (PV) gravity has recently attracted interest in several aspects. One
of them is the axion–graviton coupling to test axion–dark matter model. Moreover, by
extending Chern–Simons (CS) gravity to include derivatives of a scalar field up to second
order, a more general class of PV gravity theory, which we call the CNCL model, has
been proposed [M. Crisostomi et al., Phys. Rev. D, 97, 044034 (2018)]. The model can
be further extended by including even higher derivatives of the scalar field and/or higher
curvature terms.
In this paper, we discuss the effect of parity violation in gravitational sector on the
propagation of gravitational waves from binary coalescence by introducing a model–
independent parametrization of modification. Our parametrization includes the CNCL
model as well as CS gravity. The effect of parity violation on the gravitational waveform
is maximum when the source binary orientation to our line of sight is edge–on, while the
modified waveform reduces to the parity–symmetric one when the source is face–on. We
perform a search for the signature of such modification by using LIGO/Virgo O1/O2
catalog. We find that the catalog data is consistent with general relativity and obtain
constraints on parity violation in gravity for various post–Newtonian order modifications
for the first time. The obtained constraint on CS gravity is consistent with the results in
previous works. On the other hand, the constraint on the CNCL model that we obtain
is tighter than the previous results by roughly 7 orders of magnitude.
1. Introduction
The direct detection of gravitational waves (GWs) enabled a new test of general relativ-
ity (GR) in strong gravity regime. LIGO and Virgo collaborations (LVC) have reported
ten binary black hole (BH) mergers and one neutron star (NS) binary merger in the catalog
GWTC–1 [1]. Testing GR has been pursued by several authors using these event data and no
significant deviation from GR has been detected [2–5]. Although one of the most interesting
regime to investigate the nature of black holes is the ringdown phase [6, 7], there are difficul-
ties in establishing concrete modeling of the merger–ringdown waveform in modified gravity
theories [8]. Whilst, the inspiral phase can be studied by employing the post–Newtonian
(PN) approximation.
A possible approach to prepare the waveform in modified gravity theories is to use the
parametrized post–Einsteinian (PPE) framework, in which the so–called PPE parameters
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are introduced to describe modifications of gravity theory without specifying the origin of
modification [9–13]. The PPE framework has been later extended to include non–tensorial
polarizations [10], higher–order corrections [11], and eccentric binaries [12]. The waveform
in time domain was also discussed in [13]. The mapping between the PPE parameters and
the model parameters in non–GR models of gravity is known in several cases [14]. As for
the modification in the inspiral phase of GWs, the PPE parameters have been constrained
via GW observations [3, 5]. However, the PPE framework does not cover the whole viable
extensions of gravity. One of possible extensions which go beyond the scope of the PPE
framework is to consider modified GW propagation in parity–violating (PV) gravity.
In some candidates of the fundamental theory of gravity, such as string theory and loop
quantum gravity, the parity violation in gravity is ubiquitous [15]. Gravitational parity
violation has been studied most extensively in the context of Chern–Simons (CS) gravity as
a concrete example (for a review, see Ref. [15]). Recently, CS gravity coupled with an axion
field has attracted renewed interest in the context of the parametric resonance of GWs [16–
19]. Moreover, there is a variety of PV gravity models other than CS gravity. In Ref. [20],
the authors proposed a more general class of PV gravity theory by extending CS gravity to
include derivatives of a scalar field up to second order, which we refer to as the CNCL model.
This model has been constrained from the arrival–time difference between GWs and photons
for GW170817 [21] and more recently the authors of Ref. [22] (see also the references therein)
claimed that a more strict constraint is obtained by analyzing LVC GW events.1 However,
the model can be further extended by including even higher derivatives of the scalar field
and/or higher curvature terms.
With such further extension in mind, we parameterize the effects of gravitational par-
ity violation on the propagation of GWs in a similar way to the PPE framework. Our
parametrization includes the CNCL model as well as CS gravity. We perform a grid survey
with the catalog GWTC–1 using our parametrized waveform, as well as the comparison with
the analysis using the PPE waveform. We find that GR is consistent with the data and hence
obtain constraints on parity violation in gravity for various PN–order modifications for the
first time. Our constraint on CS gravity is consistent with the previous work [23], while our
constraint on the CNCL model is tighter than the previous result by roughly 7 orders of
magnitude.
This paper is organized as follows. Section 2 briefly recapitulates the PPE framework and
presents how the gravitational waveform is modified in PV gravity. Section 3 shows the results
of our analysis of LVC open data of the GW catalog using the modified gravitational–wave
templates. Section 4 is devoted to summary and discussion. We adopt the conventions of [24],
in particular for the signature of the metric, Riemann, and Einstein tensors. Throughout
this paper we use geometric units in which G = 1 = c.
1 In Ref. [22], the authors restricted themselves in the case that the deviations of waveforms from
GR is small and expanded their waveform in the small quantities from the beginning. This may make
their constraint outside/marginal of the validity of their assumption. Therefore, in this paper we refer
the constraint obtained in Ref. [21] as the current one.
2/15
2. Parametrized gravitational waveform
2.1. The PPE waveform
In this section, we briefly review the PPE waveform following Refs. [9, 14]. In the PPE
framework, the modified waveform is designed by assuming the dominance of the leading
PN–order corrections in the binding energy and GW luminosity. The frequency domain the
PPE waveform for the inspiral phase of compact binaries is expressed as
h˜ = h˜GR(1 + αPPEu
aPPE) exp
(
−i βPPEubPPE
)
, (1)
where αPPE, βPPE, aPPE, and bPPE are the PPE parameters, which represent modifications
to the amplitude and the phase, h˜GR is the waveform in GR and its phase is given by
ΨGR = 2piftc − φc − pi
4
+
3
128
u−5 + · · · (2)
with the coalescence time tc and phase φc. We have introduced
u ≡ (piMf)1/3 ,
where M = M ν3/5 is the chirp mass with the total mass of the binary M = m1 +m2 and
the symmetric mass ratio ν = m1m2/M
2. aPPE and bPPE are the parameters that specify
the PN order of the modifications to the amplitude and the phase, respectively. In the next
subsection, we consider how GWs are modified in PV gravity theories discussed, e.g. in
Refs. [20, 21], and parametrize the modified templates in a model–independent way.
2.2. The PV waveform
We decompose the GW hij as
hij =
∑
P
hP e
P
ij ,
where P denotes polarization states and ePij is the polarization basis. For convenience, we
choose R and L, which stand for right–handed and left–handed modes, respectively, as the
independent bases. They are related to the +/× mode polarization tensors as
eRij =
e+ij + i e
×
ij√
2
, eLij =
e+ij − i e×ij√
2
,
which obey
ijknie
R,L
kl = i λR,Le
j R,L
l ,
with λR = +1 and λL = −1 and ijk is Levi–Civita symbol, e.g. 123 = 1. Similarly, we have
hR =
h+ − i h×√
2
, hL =
h+ + i h×√
2
.
Using this decomposition, the linearized equation of motion of GWs on the Friedmann–
Lemaˆıtre–Robertson–Walker background in the CNCL model can be written as [21]
(1− λP k˜ γ) (hPk )′′ + [2− λP k˜ (γ + γ′H−1)]H (hPk )′ + (1− λP k˜ δ) k2 hPk = 0 , (3)
where the prime denotes the differentiation with respect to the conformal time coordinate
η, k = |k| is the comoving wavenumber, and H = a′/a with the scale factor a = a(η). γ(η)
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and δ(η) are time–dependent real–valued parameters of the CNCL model.2 The cut–off
energy scale Λ is chosen so as for the larger between γ and δ to be O(1). We introduce the
dimensionless wavenumber by
k˜ ≡ k
aΛ
.
The CNCL model has been constrained from the arrival–time difference between GWs and
photons for GW170817 as [21]
Λ−1 |γ − δ| . 10−11 km . (4)
Denoting the metric perturbation hPk by
hPk = Aˆ
P
k e
−iφP(η) ,
with a constant AˆPk , the equation of motion can be rewritten as
iφ′′P + (φ
′
P)
2 − 1− λP k˜ δ
1− λP k˜ γ
k2 = −2 i φ′P
χ′
χ
,
where we define
χ ≡ a
√
1− λP k˜ γ .
Since the frequency of GWs is high compared with the cosmological time scale, i.e. H  k,
we assume slow time variation
φ′′P  (φ′P)2 ,
with
k˜  1 , (5)
which corresponds to the weak PV coupling. Under the above assumptions, one find
φP = φ
P
Re + i φ
P
Im ,
where
φPIm = ln
[
χ(ηs)
χ(η0)
]
' ln as
a0
+ λP
pia0f
Λ
(
γ0
a0
− γs
as
)
, (6)
φPRe = ±k
∫ η0
ηs
dη
√
1− λP k˜ δ
1− λP k˜ γ
' ±
[
2pia0f(η − ηs) + 2λPpi
2a20f
2
Λ
∫ η0
ηs
dη
a
(γ − δ)
]
, (7)
with f = k/(2pia0) and the subscripts ‘0’ and ‘s’ referring to the quantities evaluated at the
present and η = ηs, respectively. Note that the first term in the right–hand side of Eq. (6) can
be absorbed by the shift of the source distance since this is parity symmetric and constant,
so that we neglect it in the following discussion. Therefore, the circular polarization modes
of GWs are modified as
h˜CNCLR,L = h˜
GR
R,L
(
1 + λR,LδAˆ
CNCL
)
exp
(−iλR,LδΦCNCL) , (8)
with
δAˆCNCL =
pif
Λ
(
γ0 − γs
as
)
, δΦCNCL =
2pi2f2
Λ
∫ η0
ηs
dη
a
(γ − δ) , (9)
where we set a0 = 1. The opposite sign depending on the chirality associated with
δAˆCNCL(δΦCNCL) causes the so–called amplitude(phase) birefringence. In terms of the PN
2 In Ref. [21], γ and δ are respectively described as α and β. However, we use γ and δ in this paper
to avoid confusion with the PPE parameters.
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order δAˆCNCL and δΦCNCL are, respectively, 1.5PN– and 5.5PN–order corrections. We should
notice that the weak PV coupling approximation [Eq. (5)] does not always mean the cor-
rections δAˆCNCL and δΦCNCL are much smaller than unity because the former depends on
the difference in γ between the source and us and the latter is evaluated by integrating the
parameters γ and δ over the propagating distance.
With the same philosophy as the PPE framework, the gravitational waveforms in PV
gravity can be parametrized as
h˜R,L = h˜
GR
R,L(1 + λR,LδAˆ)e
−iλR,LδΦ , (10)
with
δAˆ = αPVu
aPV , δΦ = βPVu
bPV , (11)
where αPV, βPV, aPV, and bPV are the parameters introduced to describe the amplitude and
the phase birefringences for an arbitrary PN order.3 The PN order of the correction to the
amplitude is aPV/2, while that to the phase is (bPV + 5)/2. We emphasize again δAˆ and δΦ
can be larger than unity because of a long propagating distance.
The +/× mode polarizations become
h˜+ =
h˜R + h˜L√
2
=
(
h˜GR+ − i h˜GR× δAˆ
)
cos δΦ−
(
h˜GR× + i h˜
GR
+ δAˆ
)
sin δΦ , (12)
h˜× = i
h˜R − h˜L√
2
=
(
h˜GR× + i h˜
GR
+ δAˆ
)
cos δΦ +
(
h˜GR+ − i h˜GR× δAˆ
)
sin δΦ . (13)
In general, these two modes are not orthogonal. Therefore, for the analysis in the next
section, we orthonormalize the template by using Eq. (A5). Figure 1 shows an extreme
example of the modified template with the inclination angle of the source ι = pi/2, αPV = 0,
βPV = 3× 102, and bPV = 3 for a GW150914–like signal.4
In CS gravity, the modification reduces to [23]
h˜CS+ = h˜
GR
+ − i h˜GR× δAˆCS , h˜CS× = h˜GR× + i h˜GR+ δAˆCS , (14)
where
δAˆCS = pif
(
ϑ˙0 − (1 + z)ϑ˙s
)
' pif
(
ϑ˙0 − ϑ¨0
H0
)
z (15)
with the Hubble constant H0, the redshift of the source z, and the scalar field ϑ = ϑ(t).
The current constraint on |ϑ˙0| obtained from the binary pulsar observations by neglecting
ϑ¨0 is [25, 26]
|ϑ˙0| . 0.4 km . (16)
3 Obviously, the CNCL model corresponds to
αCNCLPV =
1
MΛ
(
γ0 − γs
as
)
, aCNCLPV = 3 , β
CNCL
PV =
2
M2Λ
∫ η0
ηs
dη
(
γ
a
− δ
a
)
, bCNCLPV = 6.
4 The 4PN–order phase birefringence results in a superposition of two merger–ringdown waveforms,
which is similar to strongly–lensed GWs. However, in the PV case the respective circular polarization
modes carry only one of the two, while both modes become a superposition for lensed GWs. Therefore,
such a modification in PV gravity is distinguishable from the lensed GWs.
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Fig. 1 An example of the plus–mode whitened templates with tc fixed. The blue–solid
line is the GR template for a GW150914–like event, while the orange–dashed line shows the
modified template Eq. (12) with the parameters as (ι, αPV, βPV, bPV) = (pi/2, 0, 3× 102, 3).
There are two merger–ringdown signals in the modified template because the plus mode
consists of the superposition of a pair of circular polarization modes, which consists of
superluminal and subluminal modes.
3. Analysis
3.1. Setup
We employ the waveform Eq. (10) with Eqs. (11) as templates to be matched with the
strain data of Hanford and Livingston taken from the confident detections cataloged in
GWTC–1 [27]. Using KAGRA Algorithmic Library (KAGALI) [28], we evaluate the like-
lihood, following the standard procedure of the matched filtering [29–31]. We adopt the
published noise power spectrum for each event [27]. The minimum and the maximum fre-
quencies, fmin and fmax, of the datasets used in the analysis are summarized in Table 1. As
the GR waveform h˜GR, we adopt IMRPhenomD [32, 33], which is an up–to–date version of
inspiral–merger–ringdown (IMR) phenomenological waveform for binary BHs with aligned
spins.
In this paper, since we are not interested in estimating the sky position of the source, we
choose the amplitudes’ ratio of the +/×–mode of the respective detectors, i.e. Eq. (A5), so
that the sky position of the waveform template is set to the best–fit values in an analytical
way. The inclination of the source orbit, on the other hand, is an important parameter
in the PV modification, since it is (approximately) degenerated with the magnitudes of
birefringences, αPV and/or βPV. Moreover, if the source is a face–on binary, only one of the
circular polarization modes can propagates to us. In this case, the PV template, Eq. (10),
reduces to the PPE template, Eq. (1), and thus PV modifications can never be tested. To
test the PV modifications, GW events from nearly edge–on binaries, for which both circular
polarization modes can propagates with the almost same amplitudes, are required.
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Table 1 The GR “best–fit parameters” in the detector frame, adopted from Ref. [34].
event (fmin, fmax)/Hz M/M ν χ1 χ2 SNR
GW150914 (20, 1024) 31.2 0.249 0.79 -1.00 24.4
GW151012 (20, 1024) 18.0 0.249 -0.36 0.22 9.00
GW151226 (20, 1024) 9.70 0.211 0.50 -0.46 12.0
GW170104 (20, 1024) 24.9 0.243 -0.87 1.00 13.2
GW170608 (20, 1024) 8.48 0.250 0.47 -0.49 15.4
GW170729 (20, 1024) 48.4 0.201 0.74 -1.00 10.4
GW170809 (20, 1024) 30.5 0.228 0.72 -1.00 12.0
GW170814 (20, 1024) 26.9 0.246 0.85 -1.00 16.2
GW170817 (23, 2048) 1.20 0.231 -0.41 0.96 32.2
GW170818 (16, 1024) 32.9 0.250 0.98 -1.00 10.5
GW170823 (20, 1024) 39.3 0.249 0.99 -1.00 11.5
First, we implement a grid survey to find the “best–fit parameters” of GR templates for
each event varying the parameters M, ν, χ1, and χ2 as well as tc and φc. In GR, we can
analytically set the inclination as the best–fit value. The results in the detector frame are
summarized in Table 1. Next, we calculate the likelihood for the modified templates around
the GR best–fit parameters. Since the inclination of the source is important to test the
PV modifications, we vary the inclination angle as well as the additional parameters αPV,
βPV, aPV, and bPV. A result for GW150914 suggests that even if both birefringences are
taken into consideration at the same time, the constraints on the parameters do not change
significantly (see Appendix B). Therefore, we focus only on either the amplitude or the phase
birefringences in order to further reduce the number of parameters. The former includes the
CS modification, while the latter does the CNCL model with negligible amplification. For
both birefringences, in general, lighter chirp mass events can place stronger constraints for
negative PN corrections. This is because events with a lighter chirp mass have longer inspiral
phase and the negative PN–order corrections become more efficient in the early inspiral
phase. On the other hand, to constrain the positive PN–order corrections, e.g. 1.5PN and
5.5PN birefringences, heavier chirp mass events are preferred, because the modifications
become more significant after late–inspiral phase. Moreover, as is well known, there is an
approximate degeneracy among the mass ratio and the spins in the inspiral phase waveform.
In fact, we find it unnecessary to take into account both variations in our calculations.
Therefore, here we fix the spins to save the computational costs.
3.2. Results
For the amplitude birefringence, it is difficult to constrain the parameter αPV for 0PN order
from only GW observations, since there is a degeneracy among the source distance, the
inclination, and αPV.
5 Similarly, near the 0PN order, such as -0.5PN and 0.5PN order, they
5 If we find the host galaxy of the source like GW170817, αPV at 0PN order can be constrained
as αPV < O(1). This is because if αPV at 0PN order is much larger than unity and βPV = 0, then
the +/×–modes are flipping and much amplified as can be seen from Eqs. (12) and (13). Such large
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Fig. 2 Upper panel: the 90% CL constraints on αPV. Lower panel: the same on αPPE.
also weakly degenerate. Therefore, the constraints at such PN orders tend to be weaker. For
the phase birefringence, there are degeneracies at 2.5PN and 4PN order. At 2.5PN order,
βPV degenerates with the coalescence phase φc and in principle this degeneracy cannot be
solved (see Appendix A). At 4PN order, on the other hand, the situation is different. First,
if the GW source is completely face–on, i.e. ι = 0, so that one of two circular polarization
modes vanishes, then the PV template [Eq. (10)] reduces to the PPE template [Eq. (1)]. In
this case, the parameter βPV completely degenerates with the coalescence time tc and thus
we cannot constrain the modification. In principle, this degeneracy is gradually resolved as
the inclination increases. Even for nearly face–on binaries with non–negligible amplitude of
amplification causes underestimation of the distance that contradicts the multi–messenger observation
results. On the other hand, if αPV < O(1), then αPV completely degenerates with the inclination
angle, and hence it cannot be constrained only from the GW observations.
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Fig. 3 Upper panel: the 90% CL constraints on βPV. Lower panel: the same on βPPE.
the weaker circular polarization mode, it is still difficult to constrain the parameter only
from the GW signals because of the difficulty in distinguishing the secondary wave from the
noise. Please see Appendix C for the detailed discussion. Therefore, GW signals from nearly
edge–on binaries are required to test the 4PN–order phase birefringence in PV gravity.
To obtain the constraints, we calculate the likelihood of the best–fit template for each PN–
order modification. The likelihood can be regarded as the unnormalized posterior distribution
when the prior of αPV(βPV) is uniform as well as those of M and ν. Here, we use the
likelihood maximized for the other GR parameters instead of the marginalized likelihood.
This is because the marginalized likelihood depends on the prior distributions of parameters
and the error caused by this naive treatment would be within the arbitrariness in the choice
of the prior distribution. Thus, we integrate it with respect to αPV(βPV) for each PN order to
evaluate 90% confidence level (CL) constraints. As expected, the results shown below indicate
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that the constraints tend to be stronger for lighter chirp mass events for the negative PN–
order modifications, while the heavier mass events for the positive PN orders. Moreover,
we find that the constraints on PV gravity tend to be weaker than those on the PPE
modifications by a factor. This is because the inclination in the PPE waveform is completely
degenerate with φc, while it is not in the PV modifications. Therefore, in the PV case the
effective number of parameters is larger than in the PPE framework, and hence the likelihood
tends to be larger.
First, we consider the amplitude birefringence by varying the PN order from -4 to 4.5.
The 1.5PN–order corresponds to CS gravity. Upper panel of Fig. 2 shows the 90% CL
constraints on αPV for each event. The lower panel shows the 90% CL constraints on αPPE
for comparison.6 Here, we show only six events possessing relatively high SNR. We obtain
an upper bound on CS gravity from the constraints at 1.5PN order as
`CS ≡
∣∣∣∣∣ϑ˙0 − ϑ¨0H0
∣∣∣∣∣ . 103
(
z
zLVC
)−1
km , (17)
where zLVC is the mean value of the redshift that LVC estimated in Ref. [1]. If we neglect
ϑ¨0, this constraint becomes roughly
∣∣∣ϑ˙0∣∣∣ . 103 km, which is still much weaker than the
constraint from the binary pulsar observations [Eq. (16)] as discussed in Ref. [23] with the
Fisher analysis.
Next, the phase birefringence is considered, varying the PN order from -4 to 5.5. Upper
panel of Fig. 3 shows the 90% CL constraints on βPV for each event. The lower panel shows
the 90% CL constraints on βPPE for comparison. Similarly to Fig. 2, we show only six events
possessing relatively high SNR. We obtain upper bounds on the CNCL model as
`CNCL ≡ 1
dLVCΛ
∣∣∣∣∫ η0
ηs
dη
(
γ
a
− δ
a
)∣∣∣∣ . 10−18 km , (18)
where dLVC is the mean value source distance of LVC estimation in Ref. [1]. Neglecting the
time dependence of γ and δ, this can be rewritten as
Λ−1 |γ − δ| . 10−18
(
t0 − ts
dLVC
)−1
km , (19)
which improves the existing bound [Eq. (4)] by roughly 7 digits.
The 90% CL constraints from each event are summarized in Table 2. In this table, ‘–’
means that the likelihood never decreases enough because of the noise and the uncertainty
of the amplitude estimate.
4. Summary and discussion
In this paper, we discussed the influence of parity violation of gravity to GWs during prop-
agation in a model–independent way by parametrizing the modification of gravitational
waveforms. Our parametrization includes the CNCL model as well as CS gravity. The effect
of the gravitational parity violation to the gravitational waveform is large when the GW
6 Since we consider the modifications of GWs during propagation, in this analysis we never truncate
the PPE modifications in Eq. (1) even in merger–ringdown phase. Therefore, the constraints on the
PPE parameters we obtained are slightly different from the previous works, such as Refs. [3, 5].
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Table 2 90% CL constraints on the CS coupling and the CNCL model. ‘–’ means that the
likelihood never decreases enough because of the noise and the uncertainty of the amplitude
estimate.
event αCS `CS/km β
CNCL `CNCL/(10
−18 km)
GW150914 5.05964 2585.88 56.9279 4.43563
GW151012 7695.15 974597 153.954 1.63397
GW151226 8.93474 1422.34 312.751 2.31172
GW170104 – – 365.191 8.08242
GW170608 13.0157 2327.93 148.741 1.1806
GW170729 – – 522.087 15.2002
GW170809 – – 390.002 12.4564
GW170814 60.5647 20081.5 247.156 10.5671
GW170817 70.0234 12384.3 5185.29 6.57038
GW170818 – – 148.441 5.41785
GW170823 – – 187.229 5.25869
source is nearly edge–on, while our parametrized waveform reduces to the parity–symmetric
one, i.e. the PPE waveform, if the source is nearly face–on.
Furthermore, under the parametrization we perform a grid survey to test such modifica-
tion by using LIGO/Virgo O1/O2 catalog. We find that general relativity is consistently
preferred for those events and obtain constraints on parity violation of gravity. The con-
straint on CS gravity is |ϑ˙0| . 103 km, which is still weaker than the current constraint
obtained from binary pulsar observations. On the other hand, the constraint on the CNCL
model is improved by roughly 7 digits from the current upper bound.
It turned out to be difficult to constrain the 0PN–order amplitude birefringence and the
2.5PN– and 4PN–order phase birefringences from GWTC–1. The 2.5PN phase birefringence
completely degenerates with the coalescence phase φc and thus this cannot be constrained
only from the GW observations. On the other hand, one of the main reason for the difficulties
in constraining the 0PN amplitude and the 4PN phase birefringences is a degeneracy with
the inclination angle. To solve such a degeneracy, it may be helpful to take account of
higher multipole modes in the GR waveform, which may break the inclination–distance
degeneracy. The relative importance of the higher multipole modes may increase as the
system asymmetry increases such as unequal masses, unequal spin magnitudes, and the
precession due to misaligned spins (see for example Ref. [35]). Therefore, a large mass ratio
event, such as GW190412, may play an interesting role to solve the degeneracy [36]. This is
left as future work.
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A. Degeneracy between the 2.5PN phase birefringence and the coalescence phase
Let us define
A˜ ≡
(
h˜GR+ − i h˜GR× δAˆ
)
, B˜ ≡
(
h˜GR× + i h˜
GR
+ δAˆ
)
. (A1)
Thus, the modified GWs [Eqs. (12)–(13)] are
h˜+ = A˜ cos δΦ + B˜ sin δΦ , (A2)
h˜× = B˜ cos δΦ− A˜ sin δΦ . (A3)
We define the inner–product of two complex quantities P˜ (f) and Q˜(f) as
(P,Q) = 4Re
∫ ∞
0
df
P Q∗
Sn
, (A4)
Sn is the noise power spectrum density. One can show that (A,B) = 0. Note that the two
modes of the modified GWs are not orthogonal in general. One can find the orthonormalized
waveform as
h˜O± =
∑
P=+,×
1√
c±
e±Ph˜P , (A5)
where c± and e±P are eigen values and unit eigen vectors of h˜P. Defining
C2+ ≡ (h+, h+) , C2× ≡ (h×, h×) , C2m ≡ (h+, h×) , (A6)
one can express c± and e±P as
c± =
1
2
(
C2+ + C
2
× ±
√
(C2+ − C2×)2 + 4C2m
)
, (A7)
e±P =
v±P
|v±P| , v±P ≡
(
2C2m,−C2+ + C2× ∓
√
(C2+ − C2×)2 + 4C2m
)
. (A8)
In order to find the degeneracy between the 2.5PN phase birefringence and the phase shift
φc, we focus on the case of b = 0, i.e. δΦ is constant. Immediately, from Eqs.(A2) and (A3)
one can see that this is nothing but a constant rotation of the coordinates between the +/×
modes. More straightforwardly, we find
h˜O+ ∝ A˜ , h˜O× ∝ B˜ , (A9)
where we have used
C2+ = (A,A) cos2 δΦ + (B,B) sin2 δΦ , (A10)
C2× = (B,B) cos2 δΦ + (A,A) sin2 δΦ , (A11)
C2m = − [(A,A)− (B,B)] cos δΦ sin δΦ . (A12)
Therefore, the 2.5PN phase birefringence cannot be distinguished from the phase shift, and
hence, we cannot constrain this type of modification.
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Fig. B1 The 90% CL region on αPV and βPV.
B. Constraining the CNCL model by taking into account both the amplitude and
the phase birefringences
In order to discuss a degeneracy between αPV and βPV, we perform a grid survey to find
the best–fit parameters by varying both αPV and βPV. To save the computational costs,
in this analysis we fix the PN orders of the PV modifications to the 1.5PN amplitude and
the 5.5PN phase birefringences, i.e. (aPV, bPV) = (3, 6), which corresponds to the CNCL
model. Figure B1 shows the 90% CL region for GW150914, which implies that at least in
the CNCL model the degeneracy between αPV and βPV is very weak. Similar results can
be obtained from the other events. Therefore, we focus only on either the amplitude or the
phase birefringences to obtain the constraints for various PN–order modifications.
C. The secondary wave and noise on 4PN phase birefringence
Basically, the 4PN phase birefringence corresponds to shifting the origin of time in the oppo-
site directions for respective circular polarization modes. Therefore, +/×–modes represented
by this superposition can be discriminated from GR template in principle. In this section,
we consider nearly face–on binaries. In this case, it is difficult to constrain the parameter.
Figure C1 shows the best–fit templates in GR (blue) and in PV gravity (orange) for the
4PN phase birefringence. Since the 4PN phase birefringence does not change the waveform
of the dominant component, its contribution to the likelihoods is roughly the same as that in
GR. Therefore, the difference is caused by the “secondary wave” that comes before or after
the primary one (around −0.8 second in Fig. C1). Again, since the 4PN phase birefringence
corresponds to the time–shift, the shape of the secondary wave is similar to the primary,
but its amplitude depending on the inclination is not. Therefore, the match of the secondary
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Fig. C1 The whitened best–fit templates for GW150914 in GR (blue) and in parity
violation (orange) with the 4PN phase birefringence, in which the parameters are chosen as
(ι, β) ≈ (0.35pi, 5× 103). The coalescence time tc is chosen appropriately.
wave with the data can be imitated by the match of the primary wave with noise around
the signal in the data. The template is normalized in order for the standard deviation of the
match with the Gaussian noise to be unity. However, in practice, the standard deviation of
the match can be much larger than unity because of the non–Gaussianity of the noise. This
causes that the contribution of the secondary wave to the likelihood becomes too large to
constrain the deviation from GR. In order to constrain/probe the 4PN phase birefringence,
therefore, the signals from nearly edge–on binaries, like Fig. 1, is required.
References
[1] B. P. Abbott et al. (2018), arXiv:1811.12907.
[2] B. P. Abbott et al., Phys. Rev. Lett., 116(22), 221101, [Erratum: Phys. Rev.
Lett.121,no.12,129902(2018)] (2016), arXiv:1602.03841.
[3] Nicolas Yunes, Kent Yagi, and Frans Pretorius, Phys. Rev., D94(8), 084002 (2016), arXiv:1603.08955.
[4] B. P. Abbott et al. (2018), arXiv:1811.00364.
[5] B. P. Abbott et al. (2019), arXiv:1903.04467.
[6] Richard Brito, Alessandra Buonanno, and Vivien Raymond, Phys. Rev., D98(8), 084038 (2018),
arXiv:1805.00293.
[7] Hiroyuki Nakano, Tatsuya Narikawa, Ken-ichi Oohara, Kazuki Sakai, Hisa-aki Shinkai, Hirotaka
Takahashi, Takahiro Tanaka, Nami Uchikata, Shun Yamamoto, and Takahiro S. Yamamoto (2018),
arXiv:1811.06443.
[8] Emanuele Berti, Kent Yagi, Huan Yang, and Nicols Yunes, Gen. Rel. Grav., 50(5), 49 (2018),
arXiv:1801.03587.
[9] Nicolas Yunes and Frans Pretorius, Phys. Rev., D80, 122003 (2009), arXiv:0909.3328.
[10] Katerina Chatziioannou, Nicolas Yunes, and Neil Cornish, Phys. Rev., D86, 022004, [Erratum: Phys.
Rev.D95,no.12,129901(2017)] (2012), arXiv:1204.2585.
[11] Laura Sampson, Neil Cornish, and Nicolas Yunes, Phys. Rev., D87(10), 102001 (2013), arXiv:1303.1185.
[12] Nicholas Loutrel, Nicols Yunes, and Frans Pretorius, Phys. Rev., D90(10), 104010 (2014),
arXiv:1404.0092.
[13] Cdric Huwyler, Edward K. Porter, and Philippe Jetzer, J. Phys. Conf. Ser., 610(1), 012046 (2015),
arXiv:1410.6687.
[14] Sharaban Tahura and Kent Yagi, Phys. Rev., D98(8), 084042 (2018), arXiv:1809.00259.
[15] Stephon Alexander and Nicola´s Yunes, Phys. Rept., 480, 1 (2009), arXiv:0907.2562.
[16] Daiske Yoshida and Jiro Soda, Int. J. Mod. Phys., D27(09), 1850096 (2018), arXiv:1708.09592.
14/15
[17] Chong-Sun Chu, Jiro Soda, and Daiske Yoshida (2020), arXiv:2002.04859.
[18] Sunghoon Jung, Taehun Kim, Jiro Soda, and Yuko Urakawa (3 2020), arXiv:2003.02853.
[19] Tomohiro Fujita, Ippei Obata, Takahiro Tanaka, and Kei Yamada, in preparation (2020).
[20] Marco Crisostomi, Karim Noui, Christos Charmousis, and David Langlois, Phys. Rev. D, 97(4), 044034
(2018), arXiv:1710.04531.
[21] Atsushi Nishizawa and Tsutomu Kobayashi, Phys. Rev., D98(12), 124018 (2018), arXiv:1809.00815.
[22] Yi-Fan Wang, Rui Niu, Tao Zhu, and Wen Zhao (2 2020), arXiv:2002.05668.
[23] Kent Yagi and Huan Yang, Phys. Rev. D, 97(10), 104018 (2018), arXiv:1712.00682.
[24] C.W. Misner, K.S. Thorne, and J.A. Wheeler, Gravitation, Gravitation. (W. H. Freeman, 1973).
[25] Nicola´s Yunes and David N. Spergel, Phys. Rev., D80, 042004 (2009), arXiv:0810.5541.
[26] Yacine Ali-Haimoud, Phys. Rev. D, 83, 124050 (2011), arXiv:1105.0009.
[27] Gravitational Wave Open Science Center (), https://www.gw-openscience.org/about/.
[28] Ken’ichi Oohara et al., Development of KAGRA Algorithmic Library (KAGALI), In Proceedings,
14th Marcel Grossmann Meeting on Recent Developments in Theoretical and Experimental General
Relativity, Astrophysics, and Relativistic Field Theories (MG14) (In 4 Volumes): Rome, Italy, July
12-18, 2015, volume 3, pages 3170–3174 (2017).
[29] M. Maggiore and Oxford University Press, Gravitational Waves: Volume 1: Theory and Experiments,
Gravitational Waves. (OUP Oxford, 2008).
[30] P. Jaranowski and A. Krolak, Analysis of Gravitational-Wave Data, August 2009).
[31] Jolien D. E. Creighton and Warren G. Anderson, Gravitational-wave physics and astronomy: An
introduction to theory, experiment and data analysis, 2011).
[32] Sascha Husa, Sebastian Khan, Mark Hannam, Michael Prrer, Frank Ohme, Xisco Jimnez Forteza, and
Alejandro Boh, Phys. Rev., D93(4), 044006 (2016), arXiv:1508.07250.
[33] Sebastian Khan, Sascha Husa, Mark Hannam, Frank Ohme, Michael Prrer, Xisco Jimnez Forteza, and
Alejandro Boh, Phys. Rev., D93(4), 044007 (2016), arXiv:1508.07253.
[34] Kei Yamada, Tatsuya Narikawa, and Takahiro Tanaka, PTEP, 2019(10), 103E01 (2019),
arXiv:1905.11859.
[35] K. G. Arun, Alessandra Buonanno, Guillaume Faye, and Evan Ochsner, Phys. Rev., D79, 104023,
[Erratum: Phys. Rev.D84,049901(2011)] (2009), arXiv:0810.5336.
[36] R. Abbott et al. (4 2020), arXiv:2004.08342.
15/15
